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1. INTRODUCTION 
For centuries classical mechanics has been a source of inspiration o 
mathematicians and in turn many parts of mathematics as diverse as
probability and topology, number theory and differential geometry have 
been used in the quantitative and the qualitative in stigation of s lutions 
of the differential equ tions f mechanical systems. Ouraim in this paper is 
to show how the young field ofinteractive computer g aphics cancontribute 
to new and important interactions between mathematics andmechanics, 
especially in the investigation of phenomena infour dimensions. 
After several centuries of amazingly successful quantitative results, classi- 
cal mechanics reached a point of stagnation andconfusion that was 
characterized by claims and counter-claims abouthe stability of he solar 
system. The resolution of that great dilemma we owe to the genius of 
Poincare, whoinitiated the global geometric point of view, accompanied by 
completely newmathematical methods. The qualitative period f the devel- 
opment of mechanics, from Poincare to the present, consists primarily n the 
amplification of hismethods. Our aim here is to introduce andexplore the 
use of techniques of computer g aphics for the same purpose. 
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GRAPHICS 
Many of the beautiful andsubtle aspects ofclassical mechanics, from 
stable toergodic behavior, canbe first een in 4-dimensional ph se space. 
Due to the most important property ofthe differential equ tions of me- 
chanics, conservation of energy, solution curves usually ie on 3-dimen- 
sional constant energy surfaces. The global topology of these energy surfaces 
can determine much of the qualitative behavior fsolutions. Evenin cases 
where analytical formulae for solutions areavailable, however, visualization 
of these energy surfaces is difficult if no impossible. It is here, we believe, 
that he rather sophisticated modem technology f interactive computer 
graphics has much to offer and may be destined to become avaluable new 
tool. 
In this paper we start with a general discussion of the topological 
program for the study of a particularly well understood class ofHamilto- 
nian systems which are completely integrable. Th nwe carry out this 
program for all quadratic Hamiltonians, or linear Hamiltonian systems of
ordinary differential equ tions, in four dimensions. Since these systems can 
be solved xactly, from the quantitative point of view they are rather t ivial. 
On the topological side, however, they possess a relatively richstructure. 
Thus, the quadratic Hamiltonians are the most natural starting point in any 
attempt tovisualize the time volution of solutions f integrable Hamiltoni- 
ans in four dimension. We hope that his profusely i lustrated essay will add 
another dimension tothe saying “seeing isbelieving.” 
We have also produced two computer-animated colorfilms onthe linear 
Hamiltonian systems discussed in this paper which bring their dynamics to
life. Several others onthe nonlinear xamples mentioned inSection 4 are 
currently in progress. 
2. INTEGRABLE HAMILTONIANS 
In this ection wegive abrief xposition of the differential equ tions f 
Hamilton i R4 and single out a subclass of them for further investigation. 
For a more general setting in higher dimensions and on manifolds the 
interested reader should consult Abraham and Marsden [l] or Arnold [3]. 
A classical mechanical conservative system with 4-dimensional ph se 
space can be characterized by its total energy orthe Hamiltonian fu ction 
where qi are the position andpi are the generalized momentum variables. 
The time volution of the system then is governed bythe following setof 
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first-order ordinary differential equ tions f Hamilton: 
X 
hi I~H dpi aH 
“:x=api’dt= 
- 
- aqi 
for i= 1,2. 
The goal of classical mechanics is to describe thbehavior ofthe solutions 
of the differential equ tions above completely. Unfortunately, “analyzing a 
general system with two degrees offreedom (Cdimensional ph se space) is
beyond the capability of modern science” [3, p. 221. There is, however, a 
small class of equations that can be analyzed successfully, namely those 
which are completely integrable. In fact, completely integrable systems 
constitute “all the problems ofdynamics which ave been integrated to the 
present day” [3, p. 2731. We now turn our attention t  these systems. 
A real-valued f nction 
L(q,v q2, Pl, PA :R4 + R 
is called a conserued quantity oran integral of H if L is constant on the 
solution curves of X,. Equivalently, L is an integral of H if the Poisson 
bracket 
of H and L vanishes identically. Notice that H itself is always an integral 
of X”. 
A Hamiltonian H is called completely integrable if it has another integral 
L which is essentially independent of H, that is, {H, L} = 0 and the 
differentials of H and L are linearly independent xcept ona measure z ro 
subset ofR4. 
Combining H and L we obtain the following vector-valued function 
EM:R4 --, R2 
(41,429 Pl, P2) + mll~ cl27 Pl, P2>7 L(q,, cl29 Ply P2>) 
which is called the energy-momentum mapping of X,. The topological study 
of completely integrable systems e sentially consists of acomplete analysis 
of this map. 
To begin with one needs to determine the topological type of the 
energy-momentum s rfaces EM-‘( h, I), where (h, 1) E R2. Then one studies 
the flow of X, on these surfaces forall possible values of(h, 1). For this 
problem in the case of completely integrable systems the theorem of 
Liouville andArnold provides a good answer [3, p. 2711: 
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THEOREM. Assume that H is completely integrable nd consider the(h, I) 
level set EM-‘( h, I) f ‘t o I s energy-momentum mapping EM. If (h, 1) is a 
regular value of EM, that is, if the derivative of EM has maximum rank on all 
of EM-‘(h, I), then 
(i) EM-‘( h, 1) is a smooth manifold, invariant u der the jlow of X,, 
(ii) Connected pieces ofEM-‘( h, 1) are dtyeomorphic to either the 
2-dimensional torus T2 if they are compact, or the cylinder S’ X R or R2 if 
they are noncompact. 
(iii) The flow of X, on each torus piece T2 is a conditionally periodic 
motion, that is, it has a constant velocity$eld in suitable toral coordinates. 
To complete he qualitative analysis of energy-momentum mapping we 
need to answer the following questions f more global nature: 
Question 1. What is the bifurcation set of EM, that is, the set of 
(h, 1) E R2 where the topological typeof the energy-momentum level sets 
changes? 
Question 2. Consider the constant e ergy surface H-‘(h), where hE R. 
This is usually a 3-dimensional submanifold f R4. How do energy-momen- 
tum surfaces fitogether to “foliate” a given constant energy surface? 
In general, carrying out the topological program outlined above is non- 
trivial andoften one has to resort todifficult results from Morse theory, Lie 
groups, etc. [l, 3,5,7,8,15,17,18]. We will, however, give acomplete analy- 
sis of the topology ofthe energy-momentum maps in the case of linear 
Hamiltonian systems inR4 with purely imaginary eigenvalues. 
3. LINEAR HAMILTONIAN SYSTEMS IN R4 
In this section we will assume that H : R4 -+ R is ahomogeneous quadratic 
function. Thecorresponding equations f Hamilton are a system of first- 
order linear differential equ tions with constant coefficients and he eigen- 
values of the Hamiltonian system refer to the eigenvalues of the 4 x 4 
matrix which describes this system. 
From the topological point, upto linear canonical transformations (which 
preserve the Hamiltonian character of the quations), there are three types 
of linear Hamiltonian systems inR4 with purely imaginary eigenvalues (s e
Sects. 3 1, 3.2, and 3.3) and they are all completely integrable withquadratic 
integrals. The main reason for considering onlythe purely imaginary ones is 
that we are mostly interested in bounded orbits with some sort of stability. 
For the classification of quadratic Hamiltonians up to canonical transfor- 
mations and their ntegrals in higher dimensions, see [14,15]. 
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3.1 Harmonic Oscillators 
Consider the following family ofquadratic Hamiltonian fu ctions: 
H = im(qf +pf) + in(qi +pz) withm,n>O. 
This is the sum of the energy functions f two harmonic oscillators with 
frequencies m and n. The corresponding l ear system has eigenvalues 
f mi, + ni. For the second conserved quantity we can take the function 
L = +m(q: + pi) - fn(q,2 + pz) 
which, up to canonical hange of variables, is the angular momentum of 
these oscillators. 
We begin the topological an ysis of the energy-momentum mapping, 
EM = (H, L), of the harmonic oscillators by first finding its critical set. A
point x E R4 is a critical point of EM if and only if its derivative dEM(x) 
at x is not smjective. Thishappens when 
(i) x is a critical point of H or L, that is, 
dH(x) = 0 or dL(x) = 0, 
(ii) x is not a critical point of H but a critical point of LIH-‘(h), 
where H(x) = h. This is equivalent to requiring that 
dH(x) + X dL(x) = 0 for some X + 0, 
which is a Lagrange multiplier problem. In case (i) the only critical point of 
H or L is (0, 0, 0,O) and the corresponding critical value is 0 since H and L 
are quadratic. In case (ii), the solution of the Lagrange multiplier problem 
shows that for h> 0 the function LI H-‘(h) has two circular critical sets 
Si+ = {(ql,O,pl,O) E R41 :m(qf +p:) = h}, 
Sk= {(0,q,,0,p,)ER4(jn(q,2+p:)=h}, 
with the corresponding critical values (h, h) and (h, -h), respectively. The 
bifurcation diagram of the energy-momentum mapping, EM = (H, L), is 
shown in Fig. 1: the set of critical values ofEM are the darkened half lines, 
the range of EM is the shaded wedge, and the region away from the 
boundary contains the regular values. 
Remark. The critical level sets in this example are nondegenerate critical 
submanifolds which turn out to be periodic orbits independent of m and n. 
Determining critical level sets by solving a nonlinear Lagrange multiplier 
problem is an effective echnique in search for periodic orbits ofnonlinear 
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FIG. 1. Bifurcution diagram of harmonic osciliutors. The x axis is the values of the 
Hamiltonian H and the y axis is the values of the second integral L. The range of the 
energy-momentum mapping is the shaded wedge. On the darkened line segments he preimage 
of a point (except the origin) is acritical circle. In the inside ofthe wedge away from the 
boundaries preimage of a point is a 2-dimensional torus. A constant energy surface is
diffeomorphic to S3, and it is foliated (filled up)with two critical circles anda l-parameter 
family of tori in between. This foliation w llbe illustrated in later figures. 
integrable systems infour dimensions. This method can also be used near 
an equilibrium point of a nonintegrable system via the theory of “normal 
forms.” 
Next, we will show that aregular energy-momentum surface is diffeomor- 
phic to the two dimensional torus T *. Notice first that aconstant energy 
surface H-‘(h) is diffeomorphic to the three-sphere S 3, which is compact. 
Since EM is continuous EM-‘(h, I) is a closed subset ofS3, hence it must 
be compact. Touse the Liouville-Arnold theorem weneed to show that a
regular energy-momentum s rface is also connected. In general, connected- 
ness is rather difficult to verify, butin this case it is an easy consequence of 
the following ar ument: a point (ql, q2, pi, p2) belongs toEM-l(h, I) if 
h = ++I: +I$) + :n(q; +pi), I= :&I: +p:> - jn(d +p,z>, 
which is equivalent to 
p: + 4: = (VW + I), p2” + q; = (l/n)@ - l). 
Thus EM-‘(A, I) is the product oftwo circles, that is, atwo-torus if h # I 
and h # -I. This completes the determination of the level-sets of he 
energy-momentum mapping of the harmonic oscillators (see Fig. I). 
The flow of X, on each torus depends strongly on m and n. If m and n 
are rationally related sothat m = (a/b)n for a/b a rational umber in 
lowest terms, then the flow consists of parallel (a,b) toral knots, and every 
orbit is periodic; seeFig. 2. Otherwise, the flow is the irrational flowon the 
FIG. 2. Periodic solutions on u toroidul energy-momentum surfclce. Ifthe eigenvalues (fre- 
quencies) m and n are rationally re ated so that m = (u/h)n for u/h a rational umber in 
lowest terms, then every orbit, except the critical circles, is a(a, h) toral knot, and every orbit 
is periodic. Theflow on the torus consistsof parallel knots of the same type. In these figures 
(1.1) and (2,l) toral knots are shown. 
flat two-torus where asingle orbit sdense on the ntire energy-momentum 
surface; s eFig. 3. 
The most well-known pictures as ociated with armonic oscillators are 
the Lissajous figures. This classical technique and its generalizations are 
shown in Figs. 4, 5. 
To complete he global analysis of harmonic oscillators we need to 
understand how a constant energy surface S3 is foliated with the two 
critical circles Si+-, S:-, and the family oftori parametrized by the values of
the angular momentum L. 
If both m and n are equal to 1 then each solution curve is a circle. 
Furthermore, there is a local product neighborhood f any solution curve 
FIG. 3. An ergodic orbit. If the igenvalues m and n are not rationally re ated, then on a 
toroidal energy-momentum s rface each solution curve of the harmonic oscillators is dense on 
the torus. 
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FIG. 4. Lissujous Figure and phase planes. The most well-known pictures as ociated with a
pair of linear harmonic oscillators re the Lissajous figures, which are the projections of orbits 
into the configuration space (qt, q2). The upper square is the Lissajous figure ofharmonic 
oscillators with frequency ratio of0.9/1.1. Theother two squares contain the projections of 
the same orbit into the phase planes ( ql, pl) and ( qz, p2). One scaling is applied for the two 
position variables andanother for the two momenta, so the orbit is a faithful view of the 
configuration space, but the phase plane traces are deformed tofill the panels. 
and the solution curves fit together to give aJibration of the constant energy 
surface H-‘(h) = S3. The collection of solution curves yields the Hopf 
fibration, filling S3 by circles anytwo of which are linked. 
Let w. denote the Hopf variables d fined by
Wl = 2hl2 + PIP213 w, = 2(q,p, - q2pA 
w, = (q:+P:) - (422+p% w, = (4: +pf) + (42” +pg = 2h. 
These variables satisfy theidentity 
w:+ w;+ wt= w4’. 
Therefore the function from R4 to R3 
which is called the standard Hopf map, maps S3 of radius m to the 
two-sphere of radius \/27;. 
The preimages of ingle points ofS2 under the Hopf map are the solution 
curves of X,. Note that he third coordinate is a multiple of the conserved 
quantity L, so the preimages of the circles of latitude of S2 (see Fig. 6) are 
the tori EM-‘(h, ,) on the constant energy surface H-‘(h) for fixed I. 
Therefore, S3 is foliated with the two exceptional circular andthe l-param- 
eter family oftoroidal level sets of EM. This rather intricate foliation of S3
is illustrated in helong sequence ofFigs. 7,8, 9, 10, and 11. For a sampling 
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FIG. 5. (a) A 4-dimensional diamond. This figure isthe “completion” of Fig. 4and depicts 
the projections of the orbit onto the six coordinate planes defined by pairs of axes. The two 
phase planes inthe previous figure have now been rotated to include a 45” angle and the upper 
panel has been deformed toa diamond. The panels that contain the other three Lissajous 
figures have been added to fill the interior of an octagon. Thediagram isisometric in the sense 
that distances arecorrect in the directions of the coordinate x s and parallel edges on the 
panels refer tothe same coordinate direction in four-space. We will label the panels according 
to the following conventions: The 1-2 plane (upper diamond): configuration spaceq, vs. q2 
(heavy edges). The 1-3 plane (right square): phase plane q, (heavy edge) vs. pt (light edge). 
The 2-4 plane (left square): phase plane q2 (heavy edge) vs. p2 (light edge). The 3-4 plane 
(central diamond): momentum space p, vs. p2 (light edges). The4-1 plane (right diamond): p2 
(light edge) vs. q1 (heavy edge). The 3-2 plane (left diamond): p1 (light edge) vs. q2 (heavy 
edge). These diagrams, which we will call “4D isometric plots,” have been very useful tous in 
our efforts to visualize andmanipulate objects in four dimensions. (b) A phnur rotation. The 
orbit in Fig. 5a is rotated by15” in the 4-l plane and then shown in a 4D isometric plot. 
(c) Two plunur rorotions. The orbit nFig. 5b is rotated again by 10” in the 2-3 plane. 
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FIG. 6. Reduction fharmonic mcillarors. Using the Hopf map, a constant energy surface 
S3 of harmonic oscillators with equal frequencies m = n can be reduced toS2, so that he 
preimages ofsingle points are the circular solution curves and the preimages of the circles of 
latitude of S2 are the toroidal constant e ergy-momentum surfaces in S3 (this process icalled 
S’-reduction). 
of some of the difficulties associated withthe visualization of objects that lie 
in R4, see Fig. 13. 
If m and n are both integers, but either one is not equal to 1, the solution 
curves from al-dimensional foliation of S3which fails tobe a fibration at 
one or both of the exceptional circles. As we approach t e singular evel 
I = h, the solution curves approach anm-fold covering ofthe circle Si+, 
while as we approach t e singular evel I = -h, the solution curves ap- 
proach an n-fold covering of the circle S& (see Fig. 12). If m and n are not 
rationally related, then the solution curves, except onthe singular evel sets, 
are not periodic, andthey no longer give afibration of S3. In both of these 
cases, however, a constant energy surface S3is foliated by the two excep- 
tional circles and the l-parameter family of toroidal energy-momentum 
surfaces thesame way as in the case m = n = 1. 
For more information on the topology of fibered three-manifolds, see [17
p. 3591. The use of the Hopf variables andthe Hopf map in Hamiltonian 
mechanics i discussed further in [5,6, lo]. 
3.2. Opposite Harmonic Oscillators 
Consider the following family ofquadratic Hamiltonian fu ctions 
H = tm(qf +pf) - in(ql +pi) with m, n > 0. 
This is “sum” of the nergy functions f two harmonic oscillators “running 
opposite in time” with frequencies m and n, and the corresponding l ear 
system has eigenvalues +mi,fni. For the second conserved quantity we 
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FIG. 7. Stereogruphic projection. The entire two-sphere S2 with the North Pole removed 
can be mapped to the whole of R2 using the stereographic projection from the North Pole. This 
mapping preserves circles. The circles pa sing close to the point of projection get very large, 
and circles through t e North Pole are sent o straight lines. If we fill upthe two-sphere with 
two diametrically opposite points and the parallel circles in between (see Fig. 6), and then 
project the two-sphere st reographically to the plane, we obtain a way of visualizing the 
two-sphere in two dimensions. In this animation sequence where the two-sphere is rotated, 
stereographic projections of S2from the North Pole to R2 are shown. By a similar graphical 
procedure we can also visualize S3 in R3 (see Figs. 9, 10, and 11). 
can take the function 
L = ;m(q: +pf) + :“(q; +pZ) 
which, up to canonical hange of variables, is the angular momentum of 
these oscillators. 
Remark. The Hamiltonians of harmonic oscillators and opposite 
harmonic oscillators have the same igenvalues and the same Jordan normal 
form. However, they are not equivalent by alinear canonical transforma- 
tion. 
The bifurcation d agram of the energy-momentum mapping of this ys- 
tem can be obtained from the previous case just by interchanging the roles 
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FIG. 8. The two critical ircles. In this equence ofpictures 4-dimensional stereographic 
projections of the two critical circles of S3, as the three-sphere is rotated inp, are shown. 
Under the Hopf map, these circles correspond to the two diametrically opposite points onS*. 
The vertical line in Fig. 7a is the projection of a circle that passes through t e point of 
projection. C mpare these pictures with Figs. 7
of H and L, as shown in Fig. 14. Note that he local nalysis is similar to 
that of harmonic oscillators. The constant energy surfaces, however, are no 
longer compact and the global picture is rather different. 
For h f 0, a constant energy surface H-‘(h) is diffeomorphic to S’ x R2; 
while for h= 0 it is a cone on S’ with vertex atthe origin. Let us suppose 
first that m = n = 1, then each solution curve is a circle. Again, using the 
Hopf variables w  can describe thfoliation of constant energy surfaces. If 
we rewrite he identity satisfied by the Hopf variables as 
w4’- w,2- w;= w;, 
then the function 
maps the constant energy surface H-‘(4h2) to a connected piece of two- 
sheeted hyperboloid in R3 if h f 0, and to a half-cone if h= 0. The 
preimages ofsingle points are the solution curves. Furthermore, note that 
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FIG. 9. From one circle fo another. In this sequence the l-parameter family oftori in S3, 
generated by varying [ (from the “horizontal” critical circle tothe “vertical” one), is shown 
(see Fig. 8a). The tori are projected into R3 using 4-dimensional stereographic projection. 
Compare with Fig. 8a. Notice the development of cusps (Lagrangian si gularities) n the 
projections of the tori. Under the Hopf map, these tori correspond to the circles of latitude on 
S* (see Fig. 6). 
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FIG. 10. S/iced S3. The three-sphere can b foliated with the two critical circles andthe 
l-parameter family of tori in between. Under the 4dimensional stereographic projection, the 
entire S3minus one point is mapped into all of 3. In this picture a sliced view of the foliation 
of S3 under stereographic projection is shown. This is essentially the “sum” of Figs. 9. The 
image of this foliation of S3under the Hopf map corresponds to Fig. 7a. 
the first coordinate is a multiple ofthe conserved quantity L,so the 
preimages ofthe circles obtained byintersecting these surfaces with the 
plane 
w, = 21 
(see Fig. 15) are the toroidal energy-momentum surfaces. 
In the remaining cases where m and n are not both equal to 1, the 
constant energy surfaces aretill foliated by the nergy-momentum surfaces 
the same way. The flow on each torus consists of parallel torus knots if m 
and n are rationally re ated, andthe irrational flowotherwise. 
Remark. Definiteness of quadratic part of a Hamiltonian s not neces- 
sary for stability. In the case of opposite harmonic oscillators, f  example, 
the Hamiltonian s not definite, but the flow is stable. 
3.3 Around the Lagrange Equilibrium L, 
Consider the following family ofquadratic Hamiltonian fu ctions 
H = a(q1p2 - q2p1) + fr(q,2 + q22) + +(Pf +A) 
with (Y > 0, r = + 1, and s a small real number near 0. When (Y = a/2, 
r = 1, and s = 0 this is the Hamiltonian of the linearized vector field 
around the Lagrange equilibrium point L, in the planar restricted three-body 
problem [9,19]. For all values of (Y, r, and s we can use the quadratic 
function 
L = 4w2 - WI) 
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FIG. 11. Foliution f S3. In this sequence another view of the foliation of S3is animated. 
The two tori are closely enveloping thetwo critical circles in Fig. 8d. A third torus is shown as 
it moves from one torus to the other. The third torus has been cut into bands to reveal its 
linkage with the other tori. The banded torus inFig. lld divides S into two equal parts. The 
image of this foliation of S3under the Hopf map corresponds to Fig 7d. 
as the second conserved quantity. Therefore, theHamiltonian above is 
completely integrable. It is not difficult to show that by a linear canonical 
change of coordinates th  function L is equivalent to 
- :a(q: + P;) +:&I22 + A), 
which is the Hamiltonian of opposite harmonic oscillators (m = n= -a) 
of the previous section. 
FIG. 12. New the exceptional fiber. If the frequency ratio m/n of harmonic oscillators is 
f , then the solution curves form aone-dimensional fibration of the constant energy surface S3 
which fails tobe a tibration at e of the exceptional circles where solution curves double 
cover the circle. In this animation sequence, an orbit (the narrow band) moves from the 
neighborhood f one of the xceptional circles (single covering) to the other (double covering). 
The eigenvalues of the correspondin l ear Hamiltonian system near the 
Lagrange equilibrium are +ai f J-:  rs . The way in which these eigenvalues 
change as the parameters r and s are varied isdepicted in Fig. 16. 
For simplicity of notation, letus set (Y = r = 1. To determine the 
topology ofthe level sets of the nergy-momentum mapping of this ystem 
we introduce thvariables 
K = 9lP2 - 92P1, x= $I; + d), 
y= :(p,2 +pg, z = 41Pl + 92P2. 
These four variables satisfy thefollowing dentity: 
4XY - Z2 = K2. 
Now, consider the map from R4 into R3 given by 
(q1,q2,plrp2)-,(X,Y,Z) withX>O, YkO. 
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FIG. 13. 4 D graphics i subtle. The current techniques in 3Dcomputer g aphics aremature 
enough to give realistic images of 3-dimensional bjects ona 2-dimensional screen. Four- 
dimensional graphics, however, isstill atan early stage of development. One of the main 
difficulties is h  choice projection from ti into rdinary space R3. For example, the commonly 
used orthographic rojection (dropping o eof the coordinates) yields mathematically mislead- 
ing pictures. In the investigation of S3 orthographic rojections of tori may have artificial 
singularities or self-intersections, and heir linking cannot berecognized. In fact, in4D graphics 
it is quite asy to get dazzling pictures, but producing mathematically informative images 
requires special care and a good knowledge ofthe geometry ofthe problem: (a) An ortho- 
graphic projection of Fig. 2(a). The self intersection is an artifact of the choice ofprojection. 
(b) A sliced view of Fig. 13a to reveal the bogus elf-intersection of the torus. (c) Orthographic 
projection of the tori in Fig. lla. Notice that heir linking is no longer visible. It ishard to 
overemphasize that he only difference between Fig. lla and Fig. 13c is the choice ofprojection 
into R3. (d) Orthographic projection of Fig. lld. 
The preimages ofsingle points under this map are circles (the solution 
curves of X,). Therefore, the level sets of the energy-momentum mapping 
EM-‘(h, I) can be determined by taking the direct product ofS1 with the 
common intersection of thel-sheeted paraboloid 
4XY-Z2=12 
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FIG. 14. Bifutwtion diagram of opposite harmonic oscillators. Thisdiagram isobtained from 
that of harmonic oscillators by interchanging the roles of h and 1. Notice that he constant 
energy surfaces areno longer compact: when h = 0, the constant energy surface is diffeomor- 
phic to a cone over S’, and otherwise t isdiffeomorphic to S’ X R2. 
and the plane (the Hamiltonian n the new variables) 
X+sY=h-1. 
The dependence of the igenvalues on the parameters (Y,r, and s suggests 
that he following three cases be considered: 
Case TS > 0. For fixed values of h and I, the intersection of the 
paraboloid an the plane is a circle (see Fig. 17a), except at the point of 
tangency. Therefore, the level set EM- ‘( h, I), in general, is a 2-dimensional 
torus, and at the exceptional point is a circle. Notice that he topology of
this energy-momentum mapping is identical to that of the opposite harmonic 
FIG. 15. Reduction f opposite harmonic oscillators. A constant energy surface ofopposite 
harmonic oscillators can bereduced toone piece of a hyperboloid of two sheets inR3, so that 
point: and circles on the hyperboloid correspond to circles andtori, respectively, on a constant 
energy surface S’x R* in p (S’-reduction). This picture shows, in(IV,, W , W4)-space, two
different views of the hyperboloid W,’- IV*’ - IV: = 4hZ, with W, 2 0, and its intersections 
with the plane W, = 21. 
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r-s )0 rs = 0 I-s <0 
FIG. 16. Bijurcution d agram of eigenvolues neurL,. As the parameter s is decreased 
through zero while ris held equal to 1, the four purely imaginary eigenvalues coalesce to two 
(double roots) and then split away from the imaginary axis. Therefore, thestability type 
changes. 
FIG. 17. Reduction neccr L,;This sequence illustrates the bifurcation nearthe Lagrange 
‘equilibrium (cf.Sect. 3.3) in the reduced (X, I’, Z)-space, as the parameter s is decreased 
through zero and r is held equal to 1. Two different views of the paraboloid 4XY - Z2 = I’, 
with X, Y 2 0, and its intersections w th the plane X + SY = h - I are shown for three fixed 
values of s while h is varied: (a) s > 0; (b) s = 0; (c) s< 0. Compare Fig. 17a with Fig. 15. 
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FIG. 18. LissujouF figure and phase planes near L,. An orbit near L, with s= 0.1 and 
a = r = 1, and initial conditions (1, 1,l,l). Compare with Fig. 4. 
oscillators with two distinct frequencies (compare Figs. 15and 17a). Infact, 
the Hamiltonian n this case is equivalent, by a linear canonical hange of 
coordinates, o 
This equivalence can be seen in the sequence ofFigs. 18, 19, and 20. 
Case rs = 0. This is the third type of quadratic Hamiltonian with purely 
imaginary eigenvalues. The intersection of theparaboloid w th the plane is 
diffeomorphic to R (see Fig. 17b). Therefore, any level set of the energy- 
momentum mapping in this case is topologically a cylinder (except for 
h = 1 = 0 which is a point), hence noncompact. A typical solution curve is 
shown in Fig. 22. 
Case rs -C 0. As in the previous case, the intersection of theparaboloid 
with the plane is diffeomorphic to R (see Fig. 17~). Therefore, levels set of 
the energy-momentum mapping are again noncompact (except for h= 1 = 
0). A typical solution curve is shown in Fig. 22gh. 
This important topological ch nge of the energy-momentum mapping 
near L, as the parameter s is varied around zero is shown in Fig. 21 (in the 
reduced space), and in the animated sequence ofFigs. 22a-h (in the phase 
space). 
3.4. Versa1 Deformations f Quadratic Hamiltonians 
Roughly speaking, a versa1 deformation of aquadratic Hamiltonian s a 
“grand” perturbation depending onparameters, so that by adjusting the
parameters allnearby quadratic Hamiltonians can be obtained from the 
fixed one. For a detailed discussion of this subject and its use in Hamilto- 
nian bifurcation heory, see [15]. 
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FIG. 19. Seurch for tori near L,. In this equence of 4D isometric plots of an orbit near L, 
with s = 0.1, we can see the underlying torus by rotations in the 4-1 and 3-2 planes: (a) No 
rotations. (b)5” rotations in the 4-1 and 3-2 planes. (c) 15’ rotations in the 4-l and 3-2 planes. 
(d) 30” rotations in the 4-1 and 3-2 planes. (e) 45’ rotations in the 4-l and 3-2 planes. 
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FIG. 20. Tori found. By a linear canonical transformation Fig. 19a is equivalent to Fig. 5a. 
Note that Fig. 19e has already the circular symmetry of Fig. 5a, and further rotations will 
destroy it. However, a general linear t ansformation can be composed into arotation ( rthogo- 
nal matrix) and a shear (symmetric matrix). Here, we show the ffects of hear on the rotated 
Fig. 19e: (a) The -0.26 shear that has been applied here in the 4-1 and 3-2 planes is a 
2-dimensional matrix with 1 on its diagonal and - 0.26 off diagonal. (b)The - 0.52 shear in the 
4-1 and 3-2 planes. Compare with Fig. 5a. The composition of the four linear t ansformations, 
a 45” rotation followed by a -0.52 shear in the 4-l and 3-2 planes, iscanonical if it is 
multiplied by an appropriate scale factor. 
FIG. 21. Bifurcation near L, in the reduced space. The intersections of the paraboloid an
the plane (see Figs. 17) as the deformation parameter s is varied are shown (values of h and I 
are fixed). When s > 0, the intersection is acircle, h nce the corresponding energy-momentum 
surface isatwo-torus. For s5 0 the intersection is R, and the corresponding energy-momen- 
tum surface isno longer compact. 
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FIG. 22. Eifurcution near L,. In this equence ofpictures bifurcation nearL, as the 
parameter s is decreased through zero is illustrated (the values ofh and I are fixed): (a)4D 
isometric plots of an orbit near L, with s= 0.01. Compare with Fig. 19a. (b) The position 
variables q,,q2 (smaller), and the momentum variables pt,and pz (larger) vs.time near L4 
with s= 0.01. The shading isincluded to emphasize amplitude modulation of the oscillations. 
(c) 4D isometric plots of an orbit near L4 with s = 0.0025. (d) Variables vs.time with 
s = 0.0025. Notice that he modulation envelope increases in length ass decreases toward zero. 
(e) 4D isometric plots of an orbit near L, with s= 0. Notice the sum of the squares ofthe 
position variables is an integral (top anel) while the orbit becomes unbounded in the 
momentum space (center panel). (f) Variables vs.time with s= 0. The modulation envelope of
the momentum variables nowhas infinite length, and we see its lope as linear g owth. (g) 4D 
isometric plots of an orbit near I.., with s= - 0.0025. The orbit sunbounded inall views now. 
(h) Variables vs.time with s= -0.0025. The modulations grow exponentially with time. 
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FIG. 22-Continued. 
When m # n, versal deformations of harmonic and opposite harmonic 
oscillators, aboutsome fixed values ofm and n are given by 
where si and e2 are two small deformation parameters a ound zero. It is 
evident from Sections 3.1 and 3.2 that he topology ofthe nergy-momen- 
tum mappings ofthese two Hamiltonians is preserved un er versal deforma- 
tions. Only the flow on the energy-momentum s rfaces hanges, but the 
stability types remain the same. 
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When m = n, versa1 deformations of harmonic and opposite harmonic 
oscillators require four deformation parameters. This is a difficult ase, 
therefore we will not pursue it here. The interested rea er should consult 
[151. 
The third type of quadratic Hamiltonian n R4 with purely imaginary 
eigenvalues is the one of Section 3.3 with s= 0. Its versa1 deformation s 
given by 
H = b + %hP* - &PI) + $+I,2 + d) + NP: + Pa 
where &i and s are two small deformation parameters near 0. In this case, 
under versa1 deformations the topology ofthe nergy-momentum mapping 
is not preserved. Therefore, notonly the flow, but also its tability type 
changes. 
4. FUTURE APPLICATIONS TO NONLINEAR PROBLEMS 
In this ection we describe some of our ongoing efforts on several 
problems inclassical mechanics where computer g aphics looks particularly 
promising inthe elucidation of geometric questions. In fact, we were 
originally ttracted o 4-dimensional i teractive graphics in dynamical sys- 
tems while struggling with the second example b low. 
The spherical pendulum. Reconsideration of the spherical pendulum 
along the lines ofthe topological program we have outlined reveals exciting 
geometry inthe way the level sets of the energy-momentum mapping fit 
together. This ystem iscompletely integrable nd its bifurcation d agram is
given in Fig. 23. 
For small oscillations he constant energy surfaces arediffeomorphic to 
S3 and the level sets of the energy-momentum mapping foliate th three- 
sphere as in the case of the linear harmonic oscillators described earlier. For 
large oscillations, h wever, when the pendulum can start going over the 
North Pole, constant energy surfaces hange topological typeand become 
diffeomorphic to the real projective space RP3. This observation s g als the 
presence ofmonodromy, which as recently been proved by Cushman [8]. 
Visualizing thistopological ch nge, however, is nontrivial, and itwill be the 
subject ofone of our films currently in production, j intly with Michael 
Shantzis. 
The spherical pendulum is one of a class of constrained mechanical 
systems with rich topological structure. Th  Neumann problem [16], which 
consists of two linear harmonic oscillators constrained to remain on the 
two-sphere, also deserves special attention. 
Passage through 2:l resonance. The central problem of search for peri- 
odic orbits inHamiltonian systems has been plagued with low-order r so- 
nances. Recently, however, there have been very important advances inthis 
area [ll]. As a natural continuation of the problem of linear harmonic 
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FIG. 23. Bifurcation diagram of the spherical pendulum. The topology of the inverse images 
of the values ofthe nergy-momentum mapping of the spherical pendulum are indicated in this 
figure. Theimage of the map is the shaded wedge bounded by the darkened curves. The critical 
values ofthe map are the darkened curves, and they correspond to the relative equilibria of the 
pendulum. Notice the change in the topology ofconstant energy surfaces, from S3 to RP3. 
Compare with Fig. 1. 
oscillators, c n ider the Hamiltonian n R4 given by 
H = 31 + EI)(d +d) + (1 + 4(d + d) 
+~*[2w1P, + 4&d -d)l + c*[&&?*P1 -P*(d 41 
+ (higher o der terms). 
This is the nonlinear no mal form of the Hamiltonian n 2:l resonance ear 
the equilibrium point at the origin, where pi and eZ are small versa1 
deformation parameters, and cr, c2 are arbitrary real numbers, not both 
zero. If the higher order terms are ignored, this is a completely integrable 
system and the topological methods described above apply. Depending on
the values ofpi and Ed, on each constant energy surface there are ither two 
or three periodic orbits near the origin. On of us [H.K.] is currently 
investigating, in collaboration with Cushman, bifurcations of these periodic 
orbits a the deformation parameters a evaried. 
Disintegration of nvariant tori. As we have seen invariant tori are 
omnipresent i  integrable systems. They also appear in dissipative systems 
after the Neimark bifurcation. In either case, ifthe differential equ tions are
subjected o perturbations invariant tori may break up. At present general 
mechanisms oftheir disintegration re n twell understood [4]. One of us 
[H.K.], jointly with Donald Aronson, isstudying this question graphically. 
5. GRAPHICAL TOOLS 
The still pictures in this paper and the films entioned inthe introduc- 
tion were produced on a VAX 11/780 running Berkeley 4.2 UNIX. A 
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diagramatic animation language [13] described thescenes, which were then 
rendered using software developed at the Brown University graphics labora- 
tory. A Ramtek 9400, a Lexidata 3400, and a Lexidata Solidview displayed 
the images. David Margolis transferred th  images to film using amatrix 
QCR camera. The figures that are line drawings were computed onan IBM 
3081, interfaced with an Apollo DN300 running a Tektronix emulator, and
plotted ona CalComp lotter. 
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